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A steady laminar axisymmetric flow of viscous, heat conducting, nonequilibrium, partially dissociated, and
ionized air past a thin slender sphere-cone is considered. The flowfield characteristics with the interplay between
reactions and vibrational relaxation taken into account are investigated. An ‘‘adiabatic’’ dissociation model
accounting for both nonequilibrium excitation of vibrational modes and equilibrium excitation of rotational
modes of the air molecules is used to calculate thermal nonequilibrium dissociation rate constants. In the case
of thermal equilibrium, the model yields a good agreement of dissociation constants with experimental data
widely used in hypersonic calculations. The combined effect of the multicomponent diffusion with real binary
diffusion coefficients on the heat transfer rates has been evaluated. Quantitative assessments of the influence of
thermal nonequilibrium on the flow parameters have been obtained at various freestream conditions. The
influence of the body surface activity with respect to accommodation of vibrational energy on the heat transfer

rate has been evaluated.

I. Introduction

HYSICAL-CHEMICAL processes in the shock layer

formed by a highly supersonic airflow past a slender
spherically blunted body are simulated. A steady laminar axi-
symmetric flow of viscous, heat conducting, nonequilibrium,
and partially dissociated and ionized air is considered through-
out the whole domain between the body surface and the shock
wave.

The viscous shock layer (VSL) model'? is used for the
simulation. The model results from the full Navier-Stokes
equations by neglecting terms less than Re~'~. It is well known?
that VSL equations yield better accuracy in the downstream
region, where the shock-layer thickness is not smaller than
Cheng’s model of a thin viscous shock layer (TVSL).* Fur-
thermore, the VSL model provides better results for the flow-
field than the asymptotic theory of a high-order boundary
layer at moderate Reynolds numbers.

The effect of chemical and thermal nonequilibrium on the
flow characteristics with mutual influence of chemical reac-
tions and vibrational relaxation taken into account is inves-
tigated along the body. This problem was studied in detail®
for the flow around a spherical body. However, the coupling
vibration dissociation vibration (CVDV) model used in those
researches contains an indefiniteness because the probability
of molecular dissociation from different vibrational levels in
that model is an exponential function with one empirical (un-
known in general) parameter determined by the postulated
dissociation activity of upper vibrational levels (preferential
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removal model®). The fundamental results obtained in Ref.
5 revealed the influence of this indefiniteness on the heat
transfer rates to the body and on the other hydrodynamic
parameters in the shock layer near the stagnation point. An
approach based on the quantum consideration of the disso-
ciation process has been suggested’ in order to develop a
dissociation model without this indefiniteness. An adiabatic
model” takes into account both the nonequilibrium excitation
of vibrational modes (the vibrational temperature does not
equal the translational one) and the equilibrium excitation of
rotational modes of the molecules (rotational temperature
equals translational one). The cross sections and potentials
of intermolecular interaction introduce the only uncertainty
into the model due to the scatter in the corresponding pub-
lished data. Formulas to approximate the adiabatic model
have been subsequently suggested.® The formulas are simple
enough to be applied to complicated gasdynamic calculations.
In that paper® the adiabatic model was used for numerical
investigation of the flow in a chemical and thermal nonequi-
librium viscous shock layer over a spherical body. The com-
parisons of adiabatic dissociation constants with experimental
data under thermal equilibrium have shown that the model
agrees well with data of Blottner and Part at T < 10,000 K
and with the data of Baulch (for O,) and Kewley (for N,) at
T = 10,000 K (Ref. 8) (see Sec. III).

The model of Ref. 7 approximated by the formulas of Ref.
8 is used in this article to study chemical and thermal non-
equilibrium flows of viscous heat conducting air past a slender
spherically blunted cone. The block-marching method of global
iterations’~'? is used to integrate the axisymmetric VSL equa-
tions along the body.

II. Governing Equations

Let us consider a hypersonic flow of a viscous heat con-
ducting chemically reacting air past a slender spherically blunted
cone at freestream velocities V.. = 8 km/s and Reynolds num-
bers Re.. = 1000. The nine-species ionized air (O,, N,, NO,
O, N, NO*,N%, N+, E-—electron) is considered. The trans-
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lational and rotational modes of the particles are assumed to
be in equilibrium at the translational temperature 7. But there
is no equilibrium between active (translational, rotational)
and vibrational modes. The vibrational quantum states of the
ith molecular species are assumed to be populated according
to a Boltzmann distribution at a vibrational temperature
T™. (In general, T # T.) The contribution from the excited
electronic quantum states of the species into the total internal
energy of the mixture is neglected. It is assumed that all the
heavy particles are in the ground electronic state from which
ionization takes place. Radiation, barodiffusion, and ther-
modiffusion are not taken into account. Barodiffusion has a
greater effect on the flow characteristics than thermodiffusion
because the barodiffusion coefficients are greater than the
thermodiffusion ones by an order of magnitude. The species
concentrations are redistributed and the diffusion fluxes are
changed due to the barodiffusion in a neighborhood of the
shock wave,'* where the gradients of the pressure and other
hydrodynamic characteristics are maximum. At the same time,
barodiffusion has practically no influence on the velocity,
pressure, density, and temperature within the shock layer.
The heat transfer rate onto the body surface is at most 2%
less and the temperature of the radiatively equilibrium surface
is at most 10 deg less than corresponding values calculated
without barodiffusion taken into account. The influence of
chemical reactions occurring in the shock wave on the heat
transfer rate to the body surface is small (no more than 1%)*>
and can be neglected. Therefore, the problem of the flow in
the shock wave can be separated from that in the viscous
shock layer (two-layer model of Cheng?*). Radiation does not
change the structure of the shock-layer flow substantially at
freestream conditions discussed and can also be neglected.!

Consider the most important from the two-dimensional
(axisymmetric) VSL equations. The system is written in an
orthogonal coordinate system (x, y) normally connected to
the body surface, x being measured from the stagnation point
along the surface and y being measured along the normal
direction from the surface to a given point. In these coordi-
nates the normal projection of the momentum conservation
equation has the following form:

v, v, 6v2 vi 9P
—_— + — —
p <H, ox > ay RH, ay @)

where p is the mass density, v, and v, are the tangential and
normal components of the velocity, respectively, H, = 1 +
y/R and r = r,, + y-cos « are the metric coefficients, R(x)
is the radius of the surface curvature, r(x, y) is the distance
from a given point to the axis of symmetry, r,(x) is the distance
from the body surface to the axis of symmetry, « is the angle
between a tangent to the body surface and the axis of sym-
metry, and P is the static pressure of the mixture. The normal
component of the energy flux can be written via the full mix-
ture enthalpy:

A [oH 9 v, & o
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A is the thermal conductivity, C, is the specific heat of the
mixture at a constant pressure, /; is the static enthalpy of
species i, N is the total number of species, 7, is the viscous
shear stress, J,, = pc;(vy; — ©,) is the normal component of
the diffusion flux of species i, c; is the mass fraction of the
species, and v, is the normal component of the ith species
average velocity. For ¢, the species mass conservation equa-
tions are used. The equations are closed by Stefan—Maxwell’s

relationships. Baro- and thermodiffusion neglected, these re-
lationships for quasineutral gas mixture are given by?
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where ¢, is the electric charge of species i, u is the viscosity
N
= > S.x
j=4

S, is the binary Sehmidt’s number for the i-jth colliding pair,
x; is the molar fraction of species j

N
= E m;X;
j=1

is the average molar mass of the mixture, and m, is the molar
mass of species j. It is assumed that the quasineutrality con-
dition

> xe =0 (4)

holds for the mixture and the electric current equals zero
throughout the layer:

pPE 5)

Let us introduce the mass fractions (¢¥) and diffusion fluxes
(J%) of the elements:

N N

m; :
% _ j * J
¢ =¢ + E vy e Ci» JF=1J+ E v, — Jy

k=L+1 & k=L+1 my
i=12,...,L
Here it is assumed that the first L species are elements (in
the present study these are O,, N,, and E), »,; are stoichio-

metric coefficients. It is easy to show that conditions (4) and
(5) are equivalent to the conditions of zero ¢ and J%:

515
s;\

Therefore, the molar fraction and the diffusion flux of elec-
trons can be calculated from relationships (4) and (5) rather
than by solving the mass conservation equation for electrons.
The other L-1 species mass conservation equations for ele-
ments, being formulated in terms of ¢} and J%, have no
source terms [their right-hand sides (RHSs) equal zero]. Prac-
tically, only L-2 from these equations are solved because of
the evident relationships:

N 1. N L
Zlcjzzjlc*=1, 2J,=ZJ,*=0 (6)
i= j= j= j=

The number of mass conservation equations with nonzero
source terms is N — L and corresponds to the number of
species produced in chemical reactions. Besides, the Stefan—
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Maxwell relationships must be rearranged so that the quan-
tities ¢§ and J* enter explicitly both the left-hand side (LHS)
and RHS. The VSL equation set is closed by the equation of
state and an evident relationship between the total (dynamic)
enthalpy H and the static enthalpies of species £;, which the
relationship uses to determine the temperature of active modes
of the mixture particles after the energy conservation equation
has been solved.

Equations (1-6) together with (omitted here) species mass
conservation equations, tangential projection of the momen-
tum conservation equation, and the energy conservation
equation (see Ref. 3) is called the multicomponent nonequi-
librium viscous shock layer (MN VSL) equation set for sim-
ulating the flow past a planar (axisymmetric) blunt body. In
the case of thermal nonequilibrium, when there is no equi-
librium between different modes, relationships describing en-
ergy exchange between different quantum states of species
must be included into the MN VSL system. When the trans-
lational and rotational modes are in equilibrium, the vibra-
tional quantum states of the molecular species i are populated
according to the Boltzmann distribution at a vibrational tem-
perature T{” # T, and all the particles are in the ground
electronic state, then the ith vibrational energy conservation
equation (equation of vibrational relaxation) can be written
in terms of the macroscopic average vibrational energy of the
ith molecular species, and all such equations must be solved
together with the previously discussed equations. According
to Ref. 15, the equation of vibrational relaxation for a mo-
lecular species i can be written as follows:

29
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where ¢[T("] is the average vibrational energy of the ith
species, v = 0 for a planar flow and » = 1 for an axisymmetric
flow. In order to calculate this quantity, the model of har-
monic oscillator cutoff at the dissociation energy D = kT,
(k is the Boltzmann constant and T, is the dissociation char-
acteristic temperature of the species i) is used in this article:
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here, 6; is the vibrational characteristic temperature of the ith
species and W is the vibrational source term accounting for
the energy exchange between vibrational quantum states of
the ith molecular species and other modes of the particles. In
general, W includes the rates of the energy exchange be-
tween the vibrational modes of the ith molecules and the
active modes of heavy particles (V-T exchange), vibrational
modes of the other molecular species (V-V’ exchange), and
free electrons (E-V exchange), along with the loss (gain) of
vibrational energy in dissociation (recombination). It is well
known that characteristic vibrational temperatures of the air
molecules differ at most by 50%. The V-V’ exchange is much
faster than the V-T exchange. Hence, it can be assumed that
all the molecular species of the mixture have a Boltzmann
distribution with the same average vibrational temperature
T = T and the term due to the V-V’ process can be
neglected. Therefore, a two-temperature thermodynamic model
is considered. The E-V term is also neglected because it is
small under the condition of low ionization (when V,, =< 8 km/
s). Therefore, W is the sum of two terms:

| — e|T®
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i
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Realistic values of the vibrational relaxation time 7; (Ref. 16)
at high temperatures (7 = 10* K) are calculated in this article
by using the Park correction procedure for 7; (Ref. 17)

T, = {Pa,m > x, exp[18.42 — 1.16 x 10-3ul2043(T -1

-1
- 0.01sm/4)1} +{oVon) T,y = e
m; + m,

(10)

where P, is the pressure measured in atmospheres, (V) is
the average heat speed of the molecular species i, and »n is
the concentration of the mixture particles. Millikan and White’s
term is summed only over heavy particles. According to Ref.
18, o, is given by

o, = 10-17(50,000/T)* cm? (11)

The source term W, (Ref. 3) accounts for the influence of
chemical reactions on vibrational relaxation:

Wy, = p’m; {KDI'[T’ T(")] ;nc—[’ g(T,)
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where A, and A, are the atoms of the molecular species i,
K is the dissociation rate constant, Ky, is the recombination
rate constant, ¢,(7,,) is the average value of vibrational energy
lost by the vibrational modes in a single dissociation, and
R,Tp,/2 is the average energy gained in a single recombina-
tion. Summing Eq. (7) over the molecular species, one can
obtain the equation for 7).

It should be emphasized that in the case of thermal non-
equilibrium, expression (2) must be transformed so that the
term due to the flux of vibrational energy (the last term in
the following equation) enters it explicitly':

At <aH v,
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where a prime designates a derivative with respect to the
vibrational temperature 7; A, C2<, and Pr** are the heat
conductivity, the specific heat of the mixture per unit mass
at a constant pressure, and the Prandtl number due to the
active modes, respectively; “j = M” means summing over
molecular species:

h, = h% + 2.5-R,T/m, (15)
By = hYy + (3.5-R,T + e, [TONm,, (16)

K% and Ay, are the heats of formation of atoms and mole-
cules, respectively.

III. Model of Intermolecular Processes

The adiabatic dissociation model” is used in this article to
simulate vibrational nonequilibrium dissociation. The main
ideas of Ref. 7 are briefly outlined next.

For gases consisting of weakly interacting particles we can
assume that each energy level can be split into independent
modes, describing the translational motion of the mass center
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of the molecule, rotational motion of the molecule, and vi-
brational motion of the molecular atoms, respectively. We
will assume that the molecule under consideration is at the
ground electronic state. Therefore, the potential energy of
the molecule at the (v, J)th vibrational-rotational quantum
state (J >> 1) can be expressed as follows:

E,=E +E, E, = koo(1l - &), E, = BJ* (17)

Here, ¢ = k0/4D (£ = 0 when the molecule is considered as
a rigid rotator—harmonic oscillator) and B is the rotational
constant. Assume that the cross section of dissociation from
the (v, J)th vibrational-rotational level depends only on the
number of vibrational level v and do not depend on the ro-
tational quantum number J:

o, = 0, = oyexp{—[(D — E ) hawul} (18)

here, o, is an effective cross section of molecular disintegra-
tion from the states near dissociation limit, which is close to
the gas-kinetic cross section; A is Planck’s constant; «, is the
parameter of repulsive interaction potential

V =V, exp(—ayr) (19)

r (A) is the distance between interacting particles; and u is a
relative velocity of colliding particles. The use of adiabatic
principle (18) accounts for molecular disintegration from all
the vibrational levels, including ground vibrational state with-
out the introduction of any effective level. The principle en-
ables one to describe dissociation at high temperatures (7 =
D/2k). For the constant of dissociation from the (v, J)th level
in a general case we have

k., = L o, uf () du (20)

where f(u) is Maxwellian distribution. Assume that o, = 0
at u < u, and o, = o, = const(u,) at u > u,, where u, is
determined by the expression:

Yuui = No(D - E,) 1)

here, w is the reduced mass of colliding particles and N, is
the Avogadro number. Then the integration of Eq. (20) yields

172
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(22)

It is obvious that

“max I max

K, = 2 E kosfis (23)

v=0 J=0

In the case of a Boltzmann distribution over rotational levels
with translational temperature T and over vibrational levels
with vibrational temperature T® # T, we have for distri-
bution function f,,

1 —FE -E
g 0 ) J
fﬂj Zvinrot exp I:kT(“)} J exp < kT ) (24)

where Z.,, = T/B is the rotational partition function and
Z, | T™] is the vibrational partition function taken as that of
harmonic oscillator cutoff at the energy of dissociation. v,,,,
in Eq. (23) is the maximum vibrational level corresponding
to the border of continuous spectrum. The maximum value
of rotational quantum number J,, for the vth vibrational

level is determined from the condition of rotational dissocia-
tion of the molecule from the level

Bl =D - E, (25)

We neglect here potential threshold due to rotational exci-
tation of molecules. Integrating Eq. (23) instead of summing
up over rotational levels, we obtain the following expression
for macroscopic dissociation rate constant in collision of the
ith molecule with jth heavy particle:

N 1 T
Kp, = V(8R,TImp;)o; —%)] P <___D> ‘@,

Z[T®) (kT T
(26)
o, = 117%@ 27
U= 27
®, = (D, — E)D, — E, + 2kT)e (Lo L) E
o = () o i v Xp 7.7 &
- Bij\/ Di - Ev,:|
(28)

B; = \/;L,Y/ZNA/haij
— exp[—Tp,/T™]
1 — exp[—6,/T™]

Thus, the physical constants 6, and D,, parameters of inter-
action with the collisional partner w,;, o, and a;, the trans-
lational and vibrational temperatures define the constant of
dissociation unambiguously. An important feature of the dis-
sociation rate model of Eq. (26) is a finiteness of the value
of the constant at low temperatures. In nonequilibrium con-
ditions, when T® < T, the dissociation rate constant is less
than that in the equilibrium case. However, the lowest value
of K, [when T — 0] remains finite, its value corresponding
to the dissociation from the ground vibrational state [the first
term @, in sum (27)].

Expression (26) is too cumbersome for gasdynamic com-
putations due to the necessity to sum &, over all the levels
of the unharmonic oscillator for each T and T®. The disso-
ciation rate model of Eq. (26) can, however, be simplified by
using the harmonic oscillator model and separating a certain
vibrational level E%, whose effectiveness is equal to that of
all the spectrum:

®, = ¥D, ~ EX)D, - E¥

zire) = 1

+ 2kT)eXp[_Bi/\/Di - E:]Zi(Tm) (29)
T,,1is defined by Eq. (13). Assuming that E%, = 0, we obtain

®; = iD(D, + ZkT)CXP(_:Bii\/ﬁi)Zi(Tm) (30)

Equation (30) is the simplest approximation of expression
(27). 1t should be remarked that function & (E,) has a max-
imum at a certain £, ®(E,) > ®,(0), and d,—> 0 as E, —
0 for every ith molecular species. Thus, approximation (30)
of Eq. (27) is reasonable enough and corresponds to the as-
sumption of equal dissociation probability from all the vibra-
tional levels. At the same time expression (30) for ®, can be
improved. In Ref. 8 it has been proposed to obtain ®; from
the formula

(Dif = %kTDi'Yi(kTDi'Yi + 2kT)exp(_Bij\/kTDi'Yi)'Zi(Tm)
(31)

v =1- 0-8[5:‘(Tm)/RATDi] (32)
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In other words, it is assumed® that E*%, = 0.8¢(T,,)/N,, where
g, s calculated by formula (8). It should be pointed out that
the use of expression (28) to calculate Z[T®] yields quite
accurate values of partition function because of relatively small
values of 707 < 1.5 x 10* K in hypersonic viscous shock layer
under the conditions discussed. On the other hand, the use
of expression (28) to calculate Z(T,,), along with introduction
of correction factor v, in Eq. (31), is aimed at the formula-
like approximation of Eq. (26) instead of summing up over
all the levels of anharmonic oscillator. It has been shown in
Ref. 8 that the difference between the ratios of vibrational
nonequilibrium dissociation constants to thermal equilibrium
ones K, [T™, T}/K, (T, T), obtained by means of approx-
imate formula (31) and exact expression (27), lies within the
scatter determined by the multiple 2.5='. It should be em-
phasized that the anharmonic effect in dissociation rate con-
stants is not totally omitted in models (26) and (31). Expres-
sion (31) should be considered as a reasonable approximation
of the original Eq. (27).

The main advantage of the described adiabatic model of
Eq. (26) is in its unambiguity, which is based on the use of
real physical quantities o;; and «;; instead of empirical param-
eters in expressions for dissociation rate constants. The quan-
tities have a clear physical sense: o is approximately equal
to the gas-kinetic cross section and «; defines the repulsive
part of the interaction potential. In the present study the
values of ¢;; and o, taken from Refs. 19 and 20, respectively,
are used (see Table 1). Because of the low ionization under
the conditions discussed, dissociation of the molecules O,, N,,
and NO, due to their interactions with charged particles, is
neglected. Recent comparisons of adiabatic dissociation con-
stants with various experimental data under thermal equilib-
rium® have shown that the reaction rate model of Eq. (26)
agrees well with the models of Blottner?! and Park'¢ at T =
10,000 K (within the multiple of 3) and with the data of
Baulch® (for O,) and Kewley® (for N,) at 7 = 10,000 K
(within the multiple of 5). In comparison, the uncertainty in
the thermal equilibrium reaction rate constants suggested by
various authors is much greater.

There are many models describing vibrational nonequilib-
rium. But all of these models either contain some undeter-
mined empirical parameters or cannot be used (in gasdynamic
codes) because of their complexity. The adiabatic dissociation
rate model given by Eqs. (26) and (31) is simple, contains no
empirical parameters, and accounts for both nonequilibrium
vibrational excitation and equilibrium rotational excitation of
the molecules. The model is the most physically adequate
(among the models assuming Boltzmann distribution) because
it permits the molecules to dissociate due to a violent rota-
tion.”® Nevertheless, there is an uncertainty in the model
because of the scatter in experimental data on o, and «;.

It is assumed that only rates of collisional dissociation re-
actions are determined by both 7 and T, whereas those of
all other reactions (recombination, ionization, and exchange
reactions) are functions of the translational temperature T

Table 1 Interaction parameters

Molecule Partner a;, cm’ o, AT
0O, O, 3.519 x 107" 2.85
N, 3285 x 10~"» 3.02
NO 3.866 x 10 3.78
O 2.807 x 10" 4.85
N 2.680 x 10~'% 4.13
N, N, 3.058 x 10~ 3.16
NO 3.620 x 105 3.64
O 2.598 x 101 5.12
N 2476 x 10— 3.31
NO NO 4.228 x 10718 3.26
O 3.117 x 10—'¢ 3.95
N 2.984 x 10~ 3.72

only. The recombination rate constants are determined by the
following expression:

Kr, = Ko (T, TYK(T, T) (33)

here, K, are calculated by the formulas of Eqs. (26) and (31)
and K (7T, T) are the equilibrium constants. The following
reactions are considered:

0, + MO +0+M N,+M&SN+N+M

NO+MeN+O+M N, +0&SNO +N

NO+0&0,+N O +N&NO* + E

N+ N&Ny + E N + NO" © NO + N*

N, + N* &N + Ny

The exchange, ionization, and recharge reaction rate con-
stants of Kang and Dunn (taken from Ref. 24) are used in
the present study.

The transport properties necessary for the calculation of a
viscous flow (the viscosity and thermal conductivity of the
partially dissociated and ionized air mixture due to transla-
tional modes of the species) are determined using the ap-
proximate formulas suggested in Ref. 25. The formulas yield
these coefficients with quite a good accuracy in a wide range
of conditions. The contribution of rotational modes (and vi-
brational ones in the case of thermal equilibrium) to the heat
conductivity of molecular species is accounted for by using
the Eucken correction in the linear approximation.?® It is
known that the next approximations?’ of this correction differ
negligibly from the linear one if the molecules are near spher-
ical (as in the case of the air).

IV. Boundary Conditions

The Rankine—Hugoniot shock-slip relationships are used
on the shock wave.® The following relationship between the
ith species mass fraction in front of the shock and behind it
is present:

_ __cos(B,)
Cin = Cp pixVx sin(B) Jols (34)

The corresponding boundary condition for the ith molecular
vibrational energy will be as follows:

cEl. = e, — _cos(B) ey, — ,LLﬁ de;
i€i|= i€ils prx Sin(B) iy S,- ay .

The boundary condition for the average vibrational temper-
ature 7 is obtained by summing up Eqs. (35) over molecular
species. Subscripts «© and s in Eqs. (34) and (35) denote pre-
shock and postshock conditions; 8, = B — «; B and « are
the bow angles of the tangents to the shock and to the body
with respect to axis of symmetry. In this article the flow con-
ditions are considered where the shock wave is thin, and so,
chemical reactions within the shock wave are not taken into
account in condition (34), and the energy exchange between
vibrational and active modes for the several collisions that
occur in the shock wave is neglected in Eq. (35). It is known
that the use of the shock-slip boundary conditions in VSL
codes yields better agreement with DSMC rarefied flow so-
lutions at high altitudes in comparison with no-shock-slip cal-
culations.

On the body surface no-slip and no-flow conditions are used
for momentum equation:

(35)

Fuy,, =0, Uy = 0 (36)
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Subscript w denotes the body surface conditions. Note that
the wall-slip effects are negligible at high and moderate Reyn-
olds numbers for the cold body surface. Radiation equilibrium
of the surface is assumed for the energy conservation equa-
tion:

qulw = _é'éTﬁ, (37)
J, is the normal component of the heat transfer rate. In

general, the energy flux is the sum of the heat transfer rate
and dissipative term:

Ju=1,—#V

and if the conditions in Eq. (36) hold, J,,,|,, = J,,|... In Eq.
(37) ¢ = 5.67 x 107® W/m?K* is a Stefan—Boltzmann’s
constant and é = 0.8 is the emissivity of the body surface.
For the species mass conservation equations, the wall con-
ditions can be written as follows:

Jiylw = _kwpcl'!w (38)

k. is an effective coefficient of catalytic activity of the surface.
In the present work the extreme cases of the noncatalytic (k,,
= 0) and the fully catalytic (k,, = =, i.e., ¢;|,, = 0) walls are
considered for the species O, N, and NO. The surface is
supposed to be fully catalytic with respect to charged com-
ponents. The diffusion fluxes of the elements J onto a non-
disintegrating surface are equal to zero. For the equation of
vibrational relaxation the condition of thermal equilibrium on
the body surface

™|, =T, (39)

and the condition of zero flux of vibrational energy onto the
body

17 C,
Jye = L~]J, — VIO > e —= =0 (40)
i =M m.S

j=M m,
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have been considered. Here, the prime means differentiation
with respect to T¢?. Note that the expression for J ¥ directly
follows from Eq. (16) and from the expression for thermal
nonequilibrium heat flux, written in terms of T and ¢;:

i
m;S

fad]

(41)

9

N
J, = —aVT + > hJ, — p > Ve
j=1 =M

In the case of the noncatalytic surface (k, = 0), boundary
conditions (39) and (40) are the extreme conditions for the
equation of vibrational relaxation.** Note that when k,, = 0,
condition (40) transforms to the more simple form

oT®
ay |,

=0 (42)

V. Numerical Method

It is well known that the VSL equation set has elliptical
properties. In order to overcome this difficulty the block-
marching method of global iterations (GI)*~'? is used in the
present study. The method reduces the integration of the VSL
system to several GI (i.e., marching procedures), the initial
boundary-value problem solved along the body is well posed
for each GI if there are no reversed flows.

The exact relationships to correctly calculate flow charac-
teristics near the point of sphere-cone conjunction are given
in Ref. 12. The governing equations are integrated using a
second-order difference scheme along the body, while a fourth-
order scheme is used normal to the body. The body is broken

down into blocks, and the method of global iterations is used
both for the blunted part containing the sonic line (the first
block) and for the conical part of the body (the other blocks)
in the same way.

It takes the solution procedure, at the most, eight GIs to
converge over the blunted part, and no more than three Gls
at every block on the conical part of the body. The conver-
gence criterion is max{[B"*D — BW])/BWX, [P+D — P™]/
P} < 0.01 for all grid points, where n is the number of the
global iteration.

At each step along the body the nonlinear MN VSL system
is solved by using the Newton method. The fourth-order-
difference scheme with a variable step along the normal co-
ordinate enables one to obtain a reliable solution at large
Reynolds numbers (up to 10° or higher). No smoothing is
needed for integrating the governing equations both in the
streamwise and normal directions.

VI. Results and Discussion

The main purposes of the present study are testing the
developed algorithm for integration of the MN VSL equations
and the investigation of nonequilibrium phenomena in the
shock layer over a slender sphere-cone.

The calculations of the heat transfer rate to the body surface
at the stagnation point, obtained with the model discussed,
have been compared with those obtained by means of analytic
Fay and Riddel’s expression®:

0.1
0.763
Jow = PVE S50 Rez" N i, (”p—“) (H. - H,)A
(43)
2 HC = 2 G,
A=[1+ (Le*® — 1) 4 HA ]

Here, indexes w and e correspond to the values on the body
surface and at the edge of boundary layer, respectively (the
edge of boundary layer was taken to be at a distance where
the full enthalpy H differs from H, by 5%); p and p are density
and viscosity nondimensionalized by p.. and u.., respectively;
u = v,/V, cos « is the dimensionless tangential component
of velocity; and Le = Pr/Sc, Pr and Sc are defined as the
Prandtl and Schmidt numbers, respectively. The calculations
have been carried out for partially dissociated air. The com-
parisons show that the difference between the values of J,,,
calculated by the MN VSL code and by formula (43) lies

1.00 94— 1 MN VSL, Le=14, 7,=12556 K
---- 2 MN VSL, real Le, T,=12556 K
1 — — 3 MN VSL, real Le, radiating wall
coooo 4 Zoby et al

0.80

0.60
T‘ECJ'

0.40

0.20 )
altitude = 53.34 km

_ M = 25

Ro = 0.2836 m

0.00 T T T T T T : T : .

0.00 10.00 20.00 30.00 40.00 50.00

x/Ro

Fig. 1 Relative heating rate H = 53.34 km; M, = 25.
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within 6% over a wide range of Re. and M, numbers both
for noncatalytic and fully catalytic surfaces. Note that Eq.
(43) should be considered as that for rude assessments, es-
pecially when there is not full equilibrium in the “inviscid”
flow.

Another comparison has been made with the calculations
of Ref. 29. Relative values of the heat transfer rate

qe = ]qw|kwf()/‘]qwlk“,:x = J[lek,‘.:U/Jflw|k“+x

are presented in that paper, J,,, and J,,,, are the normal com-
ponents of the heat transfer rate and the energy flux to the
body surface, respectively. The flow past a spherically blunted
cone with a half-angle of 10 deg and a bluntness radius R, =
0.2286 m at a velocity V., = 8164 m/s, altitude H = 53.34
km (Re,. = 76,810, M, = 25), and T,, = const = 1255.6 K
was chosen for the comparison. The calculations were carried
out under the assumption of thermal equilibrium. Results of
the comparison are presented in Fig. 1. Circles in this figure
are data given in Fig. 3 of Ref. 29. Three types of calculations
have been carried out: 1) under the assumption of binary
diffusion with Le = const = 1.4 at T,, = const = 1255.6 K,
as in Ref. 29 (solid line); 2) under the assumption of multi-
component diffusion with real binary diffusion coefficients at
T, = const = 1255.6 K (dashed line); and 3) those for ra-
diatively equilibrium surface (39) (dash—dotted line). Mul-
ticomponent diffusion here means the use of Stefan—Maxwell
relationships (8) instead of the binary diffusion model. The
“real” binary diffusion coefficients are calculated by the for-
mula:

172
m, + m;
D, = 8256 x 1077 | T? — ’ . m%s
7 2m;m; P(atm)Q}!

(44)

m; are measured in atomic units. Interaction integrals O} and
Q% (A?), the latter being necessary for the calculation of
viscosity and thermal conductivity, are taken from Ref. 20.
At the stagnation point the value of g™ obtained using MN
VSL code with Le = 1.4 coincides with that represented in
Ref. 29 remarkably well. But downstream a discrepancy oc-
curs: up to 33% in the region where g™ is minimum, and less
than 4% at x/R, = 30, x being a distance measured from the
stagnation point along the body surface and R, being the
bluntness radius. The disagreement may be due to the
smoothing used in Ref. 29. Note that in the case of a radia-
tively equilibrium wall, T,|, ., = 2774 K and T,|,, -
3424 K at the stagnation point. The value of g™ in this case
is 40% smaller than the corresponding value obtained with
T, = const = 1255.6 K with the real diffusion model used
in both cases.

Represent explicitly J,,, values for radiatively equilibrium
wall (see Table 2). From these data one can see that at the
stagnation point:

1) The agreement of J , values with those obtained from
expression (43) is satisfactory.

2) Real Lewis number may differ significantly from 1.4
throughout the shock layer.

3) The combined effect of multicomponent diffusion and
real diffusion coefficients on the heat transfer rate may reach
17% for the noncatalytic wall and 23% for the fully catalytic
wall at the stagnation point. On the cone the difference of
the “multicomponent” heat flux values from ‘“binary” ones
does not exceed 23%.

Figure 2 shows heat transfer rate, shock standoff distance,
and pressure along the body for the previously mentioned
conditions under the assumption of multicomponent diffusion
with binary diffusion coefficients calculated via pressure, tem-
perature, and interaction integrals. In the figure the body
surface is assumed to be in the radiative equilibrium, i.e.,

Table 2 Heat flux values at the stagnation point; comparison with
Fay and Riddel’s formula (43)

I guer WM, J e WM,
MN VSL Fay- Riddel
k,=0,Le = 5.69 x 10° 5.50 x 10°
1.4
k, == Le = 8.38 x 10° 7.87 x 10°
1.4
k., =0 114 = Le = 0.78 Le =1 Le = 1.4
4.85 x 10° 4.85 x 10° 5.39 x 10°
k, == 145 = Le = 0.78 Le =1 Le = 1.4
6.83 x 10° 6.48 x 10° 7.51 x 10

H = 5334 km, V, = 8164 m/s (Re. = 76,810, M. = 25), T,, = 1255.6 K,
T@ = T.

e T2, k,=0
---- TY=T, k=0
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Fig. 2 Absolute heating rate, shock standoff distance, and wall pres-

“sure, H = 53.34 km, M, = 25.

boundary condition (37) is used for energy equation. In the
figure the heat transfer rate to the body surface J,,, (W/m?),
shock standoff distance y,/R,, and the wall pressure P,, non-
dimensionalized by the value p, V2 are plotted vs x/R,. It
should be emphasized that all the calculations presented in
this article have been carried out for the long sphere-cone (up
to x/R, = 300). But the main transformations of the flow
occur within the region 0 < x/R, < 50. Therefore, in order
to make this article more informative, attention is focused on
this region for the results presented in all the figures. From
Fig. 2 one can see that the catalytic activity changes the shock
standoff distance within 4.5%. The fully equilibrium calcu-
lations were carried out with use of the algorithm developed
in Refs. 9-12 for the simulation of chemical (and thermal)
equilibrium and chemical (and thermal) frozen flows past slen-
der spherically blunted cones. The calculations for thermal
and chemical nonequilibrium were carried out with use of
boundary conditions (39) and (42) for the noncatalytic wall
only. It has been shown in Ref. 5 that the influence of thermal
nonequilibrium on the heat transfer rate onto the fully cat-
alytic wall is small.

The fully nonequilibrium calculations are presented by solid
lines connecting closed circles. The points correspond to po-
sitions of the normal grid lines (rays) in the axial direction.
The grid has been used for the most of calculations discussed.
The grid has been considered twice as frequently for separate
calculations to check the grid convergence of solution, es-
pecially in nonmonotoneous regions. The fully equilibrium
calculations (open circles) have been obtained with use of a
more coarse grid. The implemented grids are automatically
extended along the body length.
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Table 3 Heat flux and shock standoff distance values at
the stagnation point. Comparison of thermodynamic
models, the wall being under radiation equilibrium

qu W/m? ¥./Ry
k,=0,T»,. =T, 3.17 x 10° 6.05 x 1072
aT™
k. =0, |~ 0 2.78 x 10° 6.10 x 102
k,=0,T" =T - 2.69 x 10° 573 x 1072
k, =02, T =T 6.25 x 10° 5.70 x 102
Full equ1llbr1um 6.45 x 10° 4.81 x 10-2

H = 53.34 km, V. = 8164 m/s (Re. = 76,810, M., = 25).
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Fig. 3 Temperatures, x/R, = 1.20.
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Fig. 4 Temperatures, x/R, = 2.58.

The heat flux and shock standoff distance at the stagnation
point are given in Table 3. From the table we see that thermal
nonequilibrium value of the heat transfer rate at the stag-
nation point differs from thermal equilibrium value by 18%
if the boundary condition (39) is used. In the case of zero flux
of vibrational energy to the noncatalytic wall [boundary con-
dition (40) or (42)], the thermal nonequilibrium value of the
heating rate differs from the thermal equilibrium one by 3.4%.
The difference between thermal nonequilibrium and equilib-
rium values of the shock standoff distance is within 6.5%,
and the chemical nonequilibrium value of the shock standoff

distance under thermal equilibrium differs from the fully equi-
librium value by 15.5% for k,, = oo. The difference between
fully nonequilibrium (when both thermal and chemical non-
equilibrium are assumed) and fully equilibrium values of pres-
sure is about 1.5%.

As noted by others in the past, there is a similarity between
the behavior of the heat transfer rate and of the pressure
along the body. It should be pointed out that the surface
pressure distribution in turn is similar to that of the quantity
dy,/dx at the conical part of the body (not shown in the figure).
The quantity dy,/dx is not monotone near the point with min-
imum pressure. It cannot be a numerical error because dif-
ferent grids, block sizes, and block intersections have been
considered. It is obvious that the effect will not be displayed
if any artificial numerical smoothing is used in the streamwise
direction. Note once more that the immediate sphere-cone
conjunction with curvature discontinuity is assumed in the
present study.

Figures 3—5 show the profiles of translational and vibra-
tional temperatures across the shock layer plotted vs y/y,, here
y, is the shock standoff distance for the case of thermal and
chemical nonequilibrium. In these figures, the surface is as-
sumed to be noncatalytic and the boundary condition (39) is
used for the equation of vibrational relaxation. Figure 3 cor-
responds to the station on the spherical part of the body before
the sphere-cone conjunction, Fig. 4 corresponds to the po-
sition of nonmonotonicity in P, and J,, values, and Fig. 5
corresponds to the station near the local minimum of y, values.
These sections have been chosen to demonstrate the com-
plexity of the flow thermodynamics that is due to the chemical
reactions, energy-exchange processes, and heat and mass
transfer. Profiles of T and T at other x/R, values can be
found in Ref. 30.

Profiles of T® (solid lines connecting black points) dem-
onstrate the grid in a normal direction. About 70 points have
been used across the layer. The grid is condensed in the re-
gions with large gradients and second derivatives of T and
T, Various criteria for condensing the grid have been con-
sidered in order to validate the solutions obtained.

Analyzing Figs. 3~5, one can see that vibrational relaxation
is a very inertial process, i.e., when the flow cools moving
along the body, the vibrational temperature lags from trans-
lational one, remaining similar to the upstream T profiles.
In the figures the maximum values of T are higher than
those of 7. A peak of vibrational temperature near the wall
is due to the recombination in the vicinity of the relatively
cold body surface. The process contributes a large energy into
vibrational modes, according to the CVDV model imple-

0.80 - L T,
/> /19 o', T.=T,
T/ TV=T7
0.60
ﬁO
~
£0.40
-
_
0.20
0.00 . T ; !
0.00 0.25 0.50 0.75 1.00
y/Ys

Fig. 5 Temperatures, x/R, = 17.5.
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Table 4 Heat flux and shock standoff distance values at the stagnation point;
comparison of thermodynamic models, the wall being under radiation equilibrium

Jpor Wim? v./Ry
H = 53.34 km, V., = 4,898 m/s T, =T, 6.39 x 10° 8.52 x 1072
(Re.. = 46,080, M. = 15) T =T 6.10 x 10° 8.12 x 102
H = 68.58 km, V., = 7,492 m/s T, =T, 7.76 x 10° 7.95 x 10-2
(Re. = 11,850, M. = 25) T® = 7.06 x 10° 7.19 x 10-2
H = 53.34 km, V,, = 2,500 m/s T, =T, 1.05 x 10° 1.37 x 10!
(Re,, = 23,520, M.. = 7.86) T = 1.05 x 10° 1.21 x 10!

k, = 0.

Table 5 Maximum values of species concentrations; comparison of thermodynamic models

O,cm™? N, cm~—3 NO, cm~3 E,cm™*

H =5334km, M, =25 T, =T, 2.95 x 107 4.22 x 107 1.31 x 10'¢ 6.36 x 10+
T =T 2.99 x 107 5.25 x 107 9.22 x 10'% 5.91 x 10+
H = 68.58 km, M, = 25 T, = T, 5.12 x 10'¢ 8.34 x 10 1.96 x 10" 5.61 x 10'3
T =T 5.24 x 10' 9.03 x 10 1.42 x 10+ 5.15 x 10"
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Fig. 6 Absolute heating rate, shock standoff distance, and wall pres-
sure, H = 53.34 km, M, = 15.

mented in the present study. Note that two sublayers are
gradually formed in the flow along the cone: “cold” and ‘“‘hot.”
In the cold sublayer the flow remains thermally frozen with
T < T. In the hot sublayer V-T process and dissociation/
recombination affect the vibrational energy of the mixture.
But there is no thermal equilibrium all over the shock layer
because of the previously mentioned lagging of vibrational
temperature.

Figure 6 gives the values of the heat transfer rate to the
body, shock standoff distance, and pressure along the non-
catalytic radiatively equilibrium surface of the same body at
H = 5334 km, V., = 4898 m/s (Re, = 46,080, M. = 15).
Figure 7 shows the same quantities at H = 68.58 km, V, =
7492 m/s (Re. = 11,850, M. = 25). For the equation of
vibrational relaxation thermal equilibrium of the surface is
assumed. The corresponding stagnation-point data are given
in Table 4. The last conditions in the table have been chosen
to assess the pure effect of thermal nonequilibrium on the
shock standoff distance over the bluntness. Actually, there
are no chemical reactions at these conditions, and the 13%
difference in y,/R, is solely due to the vibrational energy that
noticeably differs in the cases of thermal equilibrium and
nonequilibrium. Thus, at the stagnation point the effect of
thermal nonequilibrium on the heat flux is no more than 10%
and on the shock standoff distance it is no more than 13%
for these three flows.
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Fig. 7 Absolute heating rate, shock standoff distance, and wall pres-

sure, H = 68.58 km, M, = 25.

On the conic part of the body, the thermal nonequilibrium
values of the heat transfer rate differ from the corresponding
thermal equilibrium values by no more than 20% for the
conditions of Figs. 2, 6, and 7, and the influence of thermal
nonequilibrium on the shock standoff distance is within 6%.

Finally, the maximum values of the concentrations of atomic
oxygen, atomic nitrogen, nitrogen oxide, and electrons across
the shock layer at the stagnation point are provided (see Table
5). Analyzing these figures and the results of downstream
calculations, we can say that in the region, encompassing the
stagnation point and the sphere-cone conjunction, the effect
of thermal nonequilibrium on the concentration of atomic
oxygen is within 5%, on atomic nitrogen it is within 20%, on
the concentration of nitrogen oxide it is within 42%, and on
that of electrons it is within 9% at the conditions discussed.
Downstream the fractions of these species go down, and the
effect may be greater. Note that in the stagnation region
thermal nonequilibrium concentrations of atomic oxygen and
nitrogen are less than corresponding thermal equilibrium val-
ues, but those of nitrogen oxide and electrons are greater.

VII. Conclusions

The comparison with the results of Ref. 29 has shown that
at the stagnation point the value of the heating rate for the
noncatalytic surface related to that for the fully catalytic one
agree with the corresponding value of Ref. 29 within 3%. But
downstream a discrepancy occurs: up to 33% in the region
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where the relative heating rate is minimum, and less than 4%
at x/R, = 30. The discrepancy may be due to the smoothing
used in Ref. 29.

The code has been compared also with the previously de-
veloped code for the calculation of perfect-gas flows and fully
equilibrium ones.’~'? In both cases the MN VSL code yields
a good agreement of calculations with those obtained by the
algorithm.’~12

The effect of thermal nonequilibrium on pressure is neg-
ligible. The influence of thermal nonequilibrium on the heat
transfer rate is within 20% and on the shock standoff distance
it is no more than 13%.

There is a nonmonotonicity of the wall pressure and the
heat flux to the body not far from the stagnation point. The
effect occurs at certain regimes when the flow is assumed to
be thermal equilibrium and chemical nonequilibrium and is
strengthened under both thermal and chemical nonequilib-
rium (see Figs. 2, 6, and 7). It is not a numerical effect. The
behavior of P, and J,,, is connected with corresponding non-
monotonicity of the derivative dy,/dx in the region where
overexpansion takes place.

The extreme boundary conditions (39) and (40) have been
considered for the equation of vibrational relaxation. The
difference between the corresponding values of the heat flux
onto the noncatalytic wall is within 15%.

The real Lewis numbers in multicomponent chemical non-
equilibrium gas mixture substantially differ from the value of
1.4. And the combined effect of the real binary diffusion
coefficients and multicomponent diffusion on the heat transfer
rate may be as large as 23%.

In comparison with fully equilibrium calculations, the effect
of chemical nonequilibrium on pressure is negligible all over
the body. In the case of chemical nonequilibrium the heat
transfer rate to the fully catalytic surface is close to that onto
a fully equilibrium one. There is a region not far from the
stagnation point where the fully equilibrium shock standoff
distance turns out to be greater than the nonequilibrium one
(see Fig. 2). It can be due to a more intensive recombination
near the spherical bluntness in the case of chemical equilib-
rium because in this case species concentrations depend more
rigidly on the pressure and the mixture static enthalpy along
the body than in the case of nonequilibrium. Since the equi-
librium recombination is more intensive, there is a more in-
tensive energy release in the stagnation region, which, in turn,
leads to a higher temperature and lower density. Therefore,
the equilibrium shock standoff distance becomes greater than
the nonequilibrium one in this region. At large distances from
the stagnation point the fully equilibrium shock standoff dis-
tance is 5% less than chemical nonequilibrium and thermal
equilibrium one, and the fully (both chemical and thermal)
nonequilibrium shock standoff distance is 6% greater than
chemical nonequilibrium and thermal equilibrium one.

Calculations have shown that at x/R,, = 30 the flow becomes
qualitatively invariant with a cold region behind the shock
and' a hot sublayer near the wall (see also Ref. 30). The
quantitative changes consist only in a decrease of the relative
thickness of the hot sublayer where T and T across the
shock layer are maximum. In the cold sublayer over conic
part of the body there is no equilibrium between the active
and vibrational modes. It is caused by very large values of
relaxation time 7, at low temperatures and pressures. There-
fore, the flow remains frozen both chemically and thermally
in this part of the flow.

The results of the present study indicate that thermal non-
equilibrium has a relatively small effect on “macroscopic”
flow characteristics and may noticeably affect some ‘fine”
parameters, such as concentrations of certain species. There-
fore, the further development of the modeling nonequilibrium
processes in high-enthalpy gas mixtures is necessary to create
reliable codes for simulation of hypersonic flows over a wide
range of freestream conditions.
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